
Int J Theor Phys (2010) 49: 3224–3232
DOI 10.1007/s10773-009-0221-9

Which O-commutative Basic Algebras Are Effect
Algebras

Jan Paseka

Received: 29 October 2008 / Accepted: 8 December 2009 / Published online: 16 December 2009
© Springer Science+Business Media, LLC 2009

Abstract By a basic algebra is meant an MV-like algebra (A,⊕,¬,0) of type 〈2,1,0〉
derived in a natural way from bounded lattices having antitone involutions on their principal
filters. We show that (i) atomic Archimedean basic algebras for which the operation ⊕ is
o-commutative are effect algebras and (ii) atomic Archimedean commutative basic algebras
are MV-algebras. This generalizes the results by Botur and Halaš on finite commutative
basic algebras and complete commutative basic algebras.

Keywords Basic algebra · Commutative basic algebra · O-commutative basic algebra ·
Lattice effect algebra

1 Introduction

Many algebras connected with logic and foundations of physics are partially ordered sets
having an antitone involution on its every principal filter. This paper is dedicated to my late
colleague František Kôpka, whose thought and insight have exerted notable influence in
the development of such algebras. In 1992, in the study of axiomatic system of fuzzy sets
Kôpka [8] defined a new structure, a so called D-poset of fuzzy sets, which is closed under
the formation of differences of fuzzy sets. A generalization of a D-poset of fuzzy sets to
an abstract partially ordered set, where the basic operation is the difference were introduced
in [9]. Simultaneously it was introduced an equivalent in some sense structure called effect
algebra [7] as a generalization of Hilbert-space effects interpreted as the “unsharp” quantum
events. Different from the “sharp” events the effects do not satisfy the non-contradiction
principle, i.e., the conjunction of a and non a may be different from zero. These new log-
ical structures for presence of propositions, properties, questions or events with fuzziness,
uncertainity or unsharpness generalize orthomodular lattices (including Boolean algebras)
as well as MV-algebras employed by C.C. Chang in the analysis of many valued logics [5].

J. Paseka (�)
Department of Mathematics and Statistics, Faculty of Science, Masaryk University, Kotlářská 2,
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Definition 1 A partial algebra (E;⊕E,0,1) is called an effect algebra if 0, 1 are two distinct
elements and ⊕E is a partially defined binary operation on E which satisfy the following
conditions for any a, b, c ∈ E:

(Ei) b ⊕E a = a ⊕E b if a ⊕ b is defined,
(Eii) (a ⊕E b) ⊕E c = a ⊕E (b ⊕E c) if one side is defined,

(Eiii) for every a ∈ E there exists a unique b ∈ E such that a ⊕E b = 1 (we put a′ = b),
(Eiv) if 1 ⊕E a is defined then a = 0.

Definition 2 An MV-algebra is an algebra A = (A,⊕,¬,0) of type < 2,1,0 > satisfying
the identities:

(MV1) x ⊕ (y ⊕ z) = (x ⊕ y) ⊕ z, (MV2), x ⊕ y = y ⊕ x,

(MV3) x ⊕ 0 = x, (MV4) ¬¬x = x,

(MV5) x ⊕ ¬0 = ¬0, (MV6) ¬(¬x ⊕ y) ⊕ y = ¬(¬y ⊕ x) ⊕ x.

For a guide through the area of effect algebras and MV-algebras we can recommend [6].
Note only that MV-algebras are exactly those lattice-ordered effect algebras E in which
disjoint pairs are orthogonal pairs, i.e., for all x, y ∈ E, x ∧ y = 0 implies x ⊕E y is defined.

As it was mentioned e.g. in [3], the mapping x �→ ¬x is an antitone involution on (A,≤ )

so that (A,∨,∧,1/4,0,1) is in fact a de Morgan algebra. Unfortunately, the reverse passage
from (A,∨,∧,¬,0,1) to A = (A,⊕,¬,0) is not possible due to the fact that the addition
⊕ cannot be expressed in terms of ∨,∧,¬. In order to overcome this limitation, another
approach was used by R. Halaš, I. Chajda and J. Kühr [4]:

Definition 3 A lattice with section antitone involutions is a system L = (L,∨,∧,

(a)a∈L,0,1) where (L,∨,∧,0,1) is a bounded lattice such that every principal order fil-
ter [a,1] (called a section) possesses an antitone involution x �→ xa . The family (a)a∈L of
section antitone involutions being partial unary operations on L can be equivalently replaced
by a single binary operation → defined by x → y := (x ∨ y)y .

This allows one to treate lattices with section antitone involutions as total algebras
(L,∨,∧,→,0,1) or even (L,→,0,1) that form a variety (see e.g. [4]).

Let us recall some connections between lattices with section antitone involutions and
“MV-like algebras” (for more details see again [4]).

Proposition 1

(i) Let L = (A,∨,∧, (a)a∈A,0,1) be a lattice with section antitone involutions. Then the
assigned algebra A(L) = (L,⊕,¬,0), where x⊕y := (x0 ∨y)y and ¬x := x0 satisfies
the identities

(A1) x ⊕ 0 = x, (A2) ¬¬x = x,

(A3) x ⊕ 1 = 1 ⊕ x = 1, (A4) ¬(¬x ⊕ y) ⊕ y = ¬(¬y ⊕ x) ⊕ x,

(A5) ¬(¬(¬(x ⊕ y) ⊕ y) ⊕ z) ⊕ (x ⊕ z) = 1.

(ii) Conversely, given an algebra A = (A,⊕,¬,0) satisfying the identities (A1)–(A5), then
for every a ∈ A, the mapping x �→ xa := ¬x ⊕a is an antitone involution on the section
[a,1], and the structure L(A) = (A,∨,∧, (a)a∈A,0,1) is a lattice with section antitone
involutions.

(iii) The correspondence is one-to-one, i.e. L(A(L)) = L and A(L(A)) = A.
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Definition 4 Algebras satisfying the identities (A1)–(A5) are called basic algebras. Given
a basic algebra A and x, y ∈ A, the elements x, y are said to commute if x ⊕ y = y ⊕ x

holds. If every two elements of A commute then A is called a commutative basic algebra.
A basic algebra A is called complete if the underlying lattice L(A) is complete. A is said to
be a chain basic algebra whenever L(A) is a chain.

For next considerations, given a basic algebra A = (A,⊕,¬,0) we denote:

a � b := ¬(¬a ⊕ ¬b), a �E b :=
{
a � b if a0 ≤ b,

undefined otherwise,

a → b := ¬a ⊕ b, a ⊕E b :=
{
a ⊕ b if a0 ≥ b,

undefined otherwise.

Similarly, we denote, for all a, b ∈ A and all n natural, a1 = a, b1̄ = b, an+1 = a �E an

whenever an ∈ A and a �E an is defined, bn+1 = b � bn̄.
It is easy to see that ⊕ is commutative (associative) if and only if � is commutative (as-

sociative). Let us list some elementary connections between ⊕, �, → and section antitone
involutions.

x ⊕ y = (x0 ∨ y)y = (x0 � y0)0 = x0 → y,

x � y = (
(x ∨ y0)y0)0 = (x0 ⊕ y0)0 = (x → y0)0,

x → y = (x ∨ y)y = x0 ⊕ y = (x � y0)0.

Definition 5 Let A be a basic algebra. A is said to be o-commutative if a ⊕E b = b ⊕E a

holds for all a, b ∈ A such that b ≤ a0. A is said to have the block subalgebra property if
any maximal subset B of pairwise commuting elements of A called block is a subalgebra
of A.

Let a, b ∈ A, a0 ≤ b. If there exists x ∈ A with (a ∧ b)x = a ∨ b, we put x = a · b and
call x the product of a and b.

Recall that the product · is a commutative partial operation on A. Clearly, if a · b exists,
then a · b ≤ a ∧ b.

Let us recall some properties valid in any o-commutative basic algebra A (the proof of
them will be omitted since it strictly follows the proof of this properties for commutative
basic algebras contained in [2] or can be checked by an easy computation).

1. If a, b ∈ A,a ≤ b, then ba = (a0)(b0) and hence a = (b0 ⊕E a) �E b.
2. Let a, x, y ∈ A, a ≥ x, y. Then x ≥ y if and only if ax ≥ ay . Moreover, ax = ay if and

only if x = y.
3. If a, x, y ∈ A and a ≥ x, y, then ax∧y = ax ∧ ay and ax∨y = ax ∨ ay .
4. If a, b ∈ A such that b ≥ a0, a · b exists and a · b = (a(b0))0.
5. Let a, b ∈ A. If a · b exists, then a · b = a � b and b = aa·b .
6. Let x ∈ A and ai ∈ A, i ∈ I . If the product x ·∧i∈I ai exists, then the product x · ai exists

for any i ∈ I and x · ∧i∈I ai = ∧
i∈I (x · ai). If the products x · ai exist for all i ∈ I and∨

i∈I ai exists, then x · ∨i∈I ai = ∨
i∈I (x · ai).

Moreover, if A is a commutative basic algebra then

7. The induced lattice (A,∨,∧,0,1) is distributive.
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8. The operations � and → are residuated, i.e. for any x, y, z ∈ A we have

x � y ≤ z iff x ≤ y → z.

Therefore � distributes over arbitrary existing joins and ⊕ distributes over arbitrary
existing meets. Moreover, x � (x → y) = x ∧ y i.e. x � (x0 ⊕ y) = x ∧ y. Similarly,
x ⊕ (x0 � y) = x ∨ y.

Clearly, MV-algebras are exactly commutative and associative basic algebras. Recently,
M. Botur [1] proved that there are commutative non-associative basic algebras. In [3] he
and R. Halaš proved that finite commutative basic algebras are associative and hence MV-
algebras.

The main result of our paper states that (i) atomic Archimedean basic algebras for which
the operation ⊕ is o-commutative are effect algebras and (ii) atomic Archimedean commu-
tative basic algebras are MV-algebras. Some other related results are obtained.

2 Which O-commutative Basic Algebras Are Effect Algebras

For effect algebras, Riesz decomposition property has been defined in [10] as follows.
For any three elements a, b, c ∈ E, c ≤ a ⊕E b, there are a1, b1 ∈ E, a1 ≤ a, b1 ≤ b, such

that c = a1 ⊕E b1.
A lattice ordered effect algebra is an MV-effect algebra iff it satisfies the Riesz decom-

position property [6]. There are non-lattice ordered effect algebras satisfying the Riesz de-
composition property, for example the effect algebra of all polynomial functions on a real
unit interval. So we will define

Definition 6 A basic algebra A has the Riesz decomposition property if c, a, b ∈ A with
c ≥ a �E b imply that there exist a1, b1 ∈ A with a1 ≥ a and b1 ≥ b such that c = a1 �E b1.

Proposition 2 Any commutative basic algebra A has the Riesz decomposition property.

Proof Suppose that c ≥ a�E b. We put v = c⊕(b∨c)0 and a1 = a∨v. Then a ≤ a1, c ≤ a1.
Let us define b1 = a0

1 ⊕ c. Therefore a0
1 ≤ b1 and a1 �E b1 = a1 �E (a0

1 ⊕ c) = a1 ∧ c = c.
We have to show that b ≤ b1. Let us compute

a1 �E b1 = c ≥ (a �E b) ∨ (b ∧ c) = (a �E b) ∨ ((c ⊕ b0) �E b)

= (a �E b) ∨ (((c ⊕ b0) ∧ (c ⊕ c0)) �E b)

= (a �E b) ∨ ((c ⊕ (b ∨ c)0) �E b) = (a �E b) ∨ (v �E b)

= (a ∨ v) �E b = a1 �E b.

This implies b = a
a1�Eb

1 ≤ a
a1�Eb1
1 = b1. �

Lemma 1 Let A be an o-commutative basic algebra, a, b, x ∈ A with a ∨ x = 1 = b ∨ x

and a0, b0 ≤ x, b0 ≤ a. Then a · x = a � x = a ∧ x and a · b ∨ x = 1.

Proof Clearly, (a ∧ x)a·x = a ∨ x = 1 implies a ∧ x = 1a·x = a · x. Moreover by (6), a =
a · 1 = a · (b ∨ x) = a · b ∨ a · x. Hence 1 = x ∨ a = x ∨ a · b ∨ a · x = x ∨ a · b. �
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An effect algebra E is Archimedean if nx = x ⊕E x ⊕E · · ·⊕E x (n-times) exists for every
natural n only for x = 0. One can show that every complete effect algebra is Archimedean
(see [11]).

Definition 7 A basic algebra A is said to be

1. Archimedean if an exists in A for any natural n only for a = 1;
2. σ -complete if

∨∞
n=1 an ∈ A for any sequence (an)

∞
n=1 of elements of A;

3. complete if
∨

S ∈ A for any subset S ⊆ A.

Proposition 3 Any σ -complete o-commutative basic algebra A is Archimedean.

Proof Let an exists in A for any integer n ≥ 1. We put u = ∧∞
n=1 an ∈ A. Recall that by (5),

for any integer n ≥ 2, an = a �E (a0 ⊕E an) = a · (a0 ⊕E an) and an = a �E an−1 = a ·an−1.
Therefore we have that an−1 = aa·an−1 = aa·(a0⊕Ean) = a0 ⊕ an. This by (6) immediately
implies that

a0 ⊕E u = a0 ⊕
∞∧

n=1

an =
∞∧

n=1

(a0 ⊕ an) =
∞∧

n=2

an−1 =
∞∧

n=1

an = u.

By (1) we get a0 = (a0 ⊕E u) �E u0 = u �E u0 = 0 i.e. a = 1. �

Lemma 2 Let A be an o-commutative chain basic algebra. Then

1. If x � y > 0 then x �E y exists.
2. A is Archimedean if and only if, for each x, y ∈ A, if xn̄ ≥ y for any integer n ≥ 1, then

x ⊕ y = x.

Proof 1. Let x � y > 0. Then y0 �≥ x i.e by the linearity of A we have y0 < x. Therefore,
x �E y exists.

2. Suppose that A is Archimedean and let xn̄ ≥ y for any integer n ≥ 1. If y = 0, then
x ⊕ y = x. Assume 0 < y. Then xn = xn̄ ≥ y exists for any integer n ≥ 1. Hence x = 1 i.e.
x ⊕ y = 1 ⊕ y = 1 = x.

Conversely, let xn = xn̄ exists for any integer n ≥ 1. Then xn̄ ≥ x0 for every n ≥ 1.
Therefore, 1 = x ⊕ x0 = x. �

Next, we give some structural properties of commutative basic algebras.

Lemma 3 Let A be an o-commutative basic algebra. Then, for all a, b, c ∈ A, we have:
(a �E b) �E c exists iff a �E (b �E c) exists and (a �E b) �E c = 0 iff a �E (b �E c) = 0.

Proof Recall that a�E b exists iff b ≥ a0. Moreover, a�E b = a ·b. Similarly, (a�E b)�E c

exists iff b ≥ a0 and c ≥ (a �E b)0. Evidently, c ≥ b0 and c ≥ (a �E b)0 = (a ∨ b0)(b0) =
(a)(b0) i.e. (c �E b)0 = (c ∨ b0)(b0) = c(b0) ≤ a.

Let (a �E b) �E c = 0. Then c ≤ (a �E b)0. Therefore c = (a �E b)0.
We have to show that a �E (b �E (a �E b)0) = 0. It is enough to check that a0 = b �E

(a �E b)0 = b � (a(b0))0 for all b ≥ a0. But by (1) we have b �E (a �E b)0 = b �E (a0 ⊕E

b0) = a0. The other implication can be shown by a symmetric argument. �
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Definition 8 Let A be a basic algebra. A is said to be o-associative if, for all a, b, c ∈ A,
(a ⊕E b) ⊕E c = a ⊕E (b ⊕E c) whenever one side is defined.

Note that evidently A is o-associative if and only if, for all a, b, c ∈ A, (a �E b) �E c =
a �E (b �E c) whenever one side is defined.

We then have the following two theorems (for a comparison see [4]).

Theorem 1 Let A be a basic algebra. Then the following conditions are equivalent:

(i) A is o-associative and o-commutative.
(ii) (A;⊕E,0,1) is a lattice effect algebra.

Proof (i) ⇒ (ii): Evidently, (Ei) and (Eii) from the definition of an effect algebra are satis-
fied. Let us check (Eiii). Assume that a ∈ A. Then a ⊕E a0 = (a0)a0 = 1. Let a ⊕E b = 1.
Then 1 = a ⊕E b = (a0 ∨ b)b = (b0 ∨ a)a . Hence a0 ∨ b = b and b0 ∨ a = a. This yields
a0 ≤ b ≤ a0, therefore a0 = b.

Now, let us prove (Eiv). If 1 ⊕E a then a ≤ 10 = 0 i.e. a = 0.
(ii) ⇒ (i): This is evident since any lattice effect algebra is clearly o-associative and

o-commutative. �

Theorem 2 Let A be a commutative basic algebra. Then the following conditions are equiv-
alent:

(i) A is o-associative.
(ii) (A;⊕E,0,1) is a MV-algebra.

Proof (i) ⇒ (ii): By Theorem 1 is a lattice effect algebra. Since A has the Riesz decompo-
sition property it is an MV-algebra.

(ii) ⇒ (i): This is evident. �

Lemma 4 Let A be an o-commutative basic algebra. Then, for all a, b ∈ A such that a0 ≤ b,
we have:

[0, a · b] � [a0, b] � [ba0
,1].

Proof Evidently, the map a(−) : [0, a · b] → [a0, b] is injective. Let u ∈ [a0, b]. We put
v = a · u (clearly, the product exists). Then av = aa·u = u. Similarly, for any v ∈ [a0, b], we
have that a · av = v.

Therefore the maps a(−) : [0, a · b] → [a0, b] and a · (−) : [a0, b] → [0, a · b] are mutual
inverse.

Applying the same arguments, we have that

1. the maps b(−) : [a0, b] → [b(a0),1] and b · (−) : [b(a0),1] → [a0, b] are mutual inverse,
2. the maps (a · b)(−) : [0, a · b] → [b(a0),1] and (a · b) · (−) : [b(a0),1] → [0, a · b] are

mutual inverse.
�

Corollary 1 Let A be an o-commutative basic algebra. Then, for all a, b ∈ A such that
a0 ≤ b, the maps

hb
a = (a · b)a·(b·(−)) : [b(a0),1] → [b(a0),1]
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and

gb
a = (b)(a(a·b)·(−)) : [b(a0),1] → [b(a0),1]

are mutual inverse order-preserving bijections.

Theorem 3 Let A be an o-commutative basic algebra. Then A is a lattice effect algebra iff
for all a, b ∈ A with a0 ≤ b, the maps hb

a and id[b(a0),1] coincide. Moreover if A is commuta-
tive basic algebra, A is an MV-algebra iff A is a lattice effect algebra.

Proof Clearly, hb
a = id[b(a0),1] for all a, b ∈ A such that a0 ≤ b is evidently equivalent with

(x �E y) �E z = x �E (y �E z) whenever one side is defined. The statement then follows
from Theorems 1 and 2. �

Recall that an element a of a poset P is an atom if 0 ≤ b < a implies b = 0 and P

is called atomic if for every nonzero element x ∈ P there is an atom a of P with a ≤ x.
Coatoms (maximal elements) are defined dually. We shall denote by Max(P ) the set of all
maximal elements of P .

Proposition 4 Let A be an atomic Archimedean o-commutative basic algebra. Then, for
any x ∈ A,

x =
∧

{ana(x) : a ∈ Max(A), x ≤ a};
here na(x) = sup{n ∈ N : an ≥ x}.

Proof We may assume that x �= 1 (this implies na(x) ∈ N). Clearly, x is a lower bound of
the set {ana(x) : a ∈ Max(A), x ≤ a}. Let y be another lower bound of {ana(x) : a ∈ Max(A),

x ≤ a}. We will show that x ∨ y = x. If x ⊕E (x ∨ y)0 = 1 then x0 = (x ∨ y)0. Hence
x ∨ y = x. If x ⊕E (x ∨ y0) < 1 then there exists a dual atom m ∈ Max(A) such that x ⊕E

(x ∨ y)0 ≤ m. We have x ∨ y ≤ mnm(x) and by (1)

x = (x ∨ y) �E (x ⊕E (x ∨ y)0) ≤ mnm(x) �E m = mnm(x)+1,

a contradiction. �

Lemma 5 Let A be an atomic Archimedean o-commutative basic algebra. Then, for any
a ∈ Max(A), am+n = am �E an if am+n or am · an exists.

Proof We may assume that m,n ≥ 2 (the case m = 1 or n = 1 is evident). Clearly, am ·
an ≤ amax(m,n). Let am · an ≤ bp �= 1 for some b ∈ Max(A), b �= a and p ≥ 1. Then, by a
successive application of Lemma 1, am ∨ bp = 1 and an ∨ bp = 1. Again by Lemma 1 bp =
am · an ∨ bp = 1, a contradiction. Therefore, am · an = ak for some integer k ≥ max(m,n)

and this yields an = (am)(ak). Clearly, ana(0) ∨ bp = 1 for all integers p ≥ 1. Hence any
element x from the principal filter [ana(0),1] is of the form al for some integer l ≥ 1. This
immediately implies that C = [ana(0),1] is a finite chain and it is well known that there is a
unique way of defining antitone involution on its sections and that the corresponding basic
algebra is both commutative and associative, hence an MV-algebra.

Let us denote ·C the induced partial product operation on C. For all x, y ∈ C we then
have: x ·y is defined iff x ≥ y0 and y = xu for some u ≥ ana(0) iff y = xu for some u ≥ ana(0)

iff x ≥ y(ana(0)) and y = xu for some u ≥ ana(0) iff x ·C y is defined.
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Assume now that x ·y ∈ C is defined. Then by (5) xx·y = y = xx·Cy . By (2) we obtain that
x ·y = x ·C y. Hence am computed in E coincides with the corresponding product computed
in C. Therefore am · an = am �[ana(0),1] an = am+n. �

Let us state our main theorem.

Theorem 4 Every atomic Archimedean o-commutative basic algebra A is o-associative and
therefore a lattice effect algebra.

Proof Let a, b, c ∈ Max(A), m,n,p ≥ 0 integers such that (am �E bn) �E cp exists. In
what follows we will repeatedly apply Lemma 1. If a = b = c then clearly am · (bn · cp) =
am+n+p = (am · bn) · cp . Let a = b, a �= c. Then we have that (am · an) ∨ cp = 1 and this
implies (am ·an) ·cp = (am ·an)∧cp . Similarly an ∨cp = 1 implies am ·(an ·cp) = am ·(an ∧
cp) = (am ·an)∧ (am · cp) = (am ·an)∧ (am ∧ cp) = (am ·an)∧ cp . Let a �= b �= c �= a. Then
am · (bn ·cp) = am · (bn ∧cp) = am ∧ (bn ∧cp) since am ∨ (bn ∧cp) = 1 and am ≥ (bn ∧cp)0.
Similarly (am · bn) · cp = (am ∧ bn)∧ cp . The remaining cases can be shown by a symmetric
argument. Therefore am �E (bn �E cp) = (am �E bn) �E cp .

Let x, y, z ∈ A such that (x �E y) �E z exists. Then

(x �E y) �E z = (x �E y) �E

∧
{cnc(z) : c ∈ Max(A)}

=
∧

{(x �E y) �E cnc(z) : c ∈ Max(A)}

=
∧{(

x �E

∧
{bnb(y) : b ∈ Max(A)}

)
�E cnc(z) : c ∈ Max(A)

}

=
∧

{(x �E bnb(y)) �E cnc(z) : b, c ∈ Max(A)}

=
∧{(∧

{ana(x) : a ∈ Max(A)} �E bnb(y)

)
�E cnc(z) : b, c ∈ Max(A)

}

=
∧

{(ana(x) �E bnb(y)) �E cnc(z) : a, b, c ∈ Max(A)}

=
∧

{ana(x) �E (bnb(y) �E cnc(z)) : a, b, c ∈ Max(A)}
= x �E (y �E z) by the same arguments.

From Theorem 1 we get that A is a lattice effect algebra. �

Corollary 2 Any atomic complete (σ -complete) o-commutative basic algebra is a lattice
effect algebra.

As a common corollary of Theorems 2 and 4 we have the following theorem.

Theorem 5 Every atomic Archimedean commutative basic algebra A is an MV-algebra.

Corollary 3 Any atomic complete (σ -complete) commutative basic algebra is an MV-
algebra.
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Concluding Remarks

In [4] the authors assumed the block subalgebra property to characterize basic algebras that
are lattice effect algebras. In our Theorems 1 and 4 we use only the assumption that basic
algebra is o-commutative. Does o-commutativity imply the block subalgebra property?
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11. Riečanová, Z.: Archimedean and block-finite lattice effect algebras. Demonstr. Math. 33, 443–452
(2000)

http://dx.doi.org/10.1007/s00012-008-2086-9

	Which O-commutative Basic Algebras Are Effect Algebras
	Abstract
	Introduction
	Which O-commutative Basic Algebras Are Effect Algebras
	Concluding Remarks
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


